Abstract-This technical note investigates the robust global stabilization problem for nonlinear systems subject to dynamic and stochastic disturbance, from the perspective of stochastic input-to-state stability. A new stochastic gain assignment method is developed. This method can be combined with the nonlinear small-gain theorem to design partial-state feedback controllers for stochastic nonlinear systems. A numerical example is given to illustrate the effectiveness of the proposed method.
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I. INTRODUCTION
Over the past few decades, global stabilization of deterministic nonlinear dynamical systems has attracted a lot of attention; see, e.g., [7] , [13] , [15] , [19] , [24] , [27] , and numerous references therein. In parallel, considerable efforts have also been made for the control of stochastic nonlinear systems [2] , [5] , [6] , [14] , [18] , [20] , [21] , [31] . In particular, different methods based on variants of Sontag's inputto-state stability (ISS) [25] , [26] , [28] were developed for stochastic nonlinear systems; see [32] for γ-input-to-state stability (γ-ISS); [3] , [4] , [14] , [23] for noise-to-state stability (NSS); and [9] , [18] , [29] , [30] for stochastic input-to-state stability (SISS).
Despite the above mentioned developments, several issues still remain unresolved for stochastic nonlinear systems. One of such issues is how to generalize the deterministic ISS gain assignment results [10] , [12] , [19] to stochastic systems. Roughly speaking, the ISS gain assignment aims at finding a feedback control law under which the closed-loop system is ISS with a desired gain function. A more general gain assignment result is to assign gains for achieving inputto-output stability. The gain assignment technique is equivalent to pole placement for linear time-invariant systems. One major application of gain assignment is to design a robust partial-state feedback controller for systems subject to dynamic uncertainty. In these cases, if the ISS gain of the nominal system can be somehow freely assigned via a feedback law, then the ISS gains of the nominal system and the dynamic uncertainty will satisfy the small-gain condition [12] , thereby guaranteeing the global stability of the closed-loop system. Indeed, gain assignment has played a crucial role in various nonlinear feedback control designs [8] , [13] , [15] , [19] .
The main obstacle in extending existing gain assignment results to the stochastic setting is that the presence of stochastic disturbance prevents the gain assignment result from being directly applied to stochastic controller design. To be more specific, if the stochastic disturbance is input-dependent, conducting gain assignment is likely to increase its magnitude, and as a result has the potential to lead to instability for the closed-loop system. Compared with the deterministic gain assignment result in [22] , extra conditions on the stochastic disturbance are needed in the SISS analysis. In this technical note, for the first time we extend the gain assignment technique to stochastic nonlinear systems with state and input dependent uncertainties. The obtained results in this technical note show that under some mild assumptions, given an SISS gain function, it is possible to develop a feedback control law, under which the closed-loop system satisfies SISS with the desired gain function. Potential applications of the proposed stochastic gain assignment method include developing stochastic robust optimal control, stochastic output-feedback control, and decentralized control designs for large-scale stochastic networks, among other problems.
The remainder of this technical note is organized as follows. In Section II, some preliminaries regarding the concept of SISS are introduced. In Section III, the SISS gain assignment is developed for stochastic nonlinear systems. In Section IV, the obtained result is further extended to the pure-feedback case. A simulation example is given in Section V. Finally, the conclusion is drawn in Section VI.
Notations: Throughout this technical note, R denotes the set of real numbers. R + denotes the set of nonnegative real numbers. 
is of class K for any given t, and β(s, ·) is decreasing and vanishes at the infinity for any given s. Given a measurable function u :
and u t (s) = 0 otherwise. L denotes the differential generator [1] .
II. PRELIMINARIES
Denote w as a q-dimension Wiener process with incremental covariance Σ(t)dt [14, Chapter 4] , where Σ : R + → R q×q is a continuous function taking values in the set of symmetric positive semidefinite matrices. Denote by F w t the σ-field generated by w(s), 0 ≤ s ≤ t. Consider the following stochastic system:
where x ∈ R n is the state, Δ : R + → R is a {F w t }-adapted stochastic processes representing the disturbance input; the initial value x(0) = ξ is a known constant; and f : R n → R n , g 1 : R n → R n , and g 2 : R n → R n×q are locally Lipschitz. Moreover, assume f (0) = 0. First, we recall the concept of stochastic input-to-state stable (SISS) from [29] .
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Definition 1:
System (1) is SISS, if for any 0 < ≤ 1, there exist β ∈ KL and ρ i ∈ K, for i = 1, 2, such that for all t ≥ 0
where P ξ,0 {A} denotes the probability of an event A ∈ F, given x(0) = ξ. ρ 1 and ρ 2 are known as the SISS gains of system (1). The following lemma gives a sufficient condition for SISS. The proof of Lemma 1 is a direct extension of the proof of [14, Theorem 4.2] , and thus is omitted.
Lemma 1: Consider system (1). Suppose there exist
Then, for any 0 < ≤ 1, (2) holds with
and β ∈ KL depending on V and . 
III. GAIN ASSIGNMENT FOR STOCHASTIC SYSTEMS
In this section, consider the following controlled stochastic system:
where x, w, Δ, f , g 1 , and g 2 satisfy the same conditions as in system (1); u : R + → R is a {F w t }-adapted stochastic process representing the control input.
SISS is of interest in stochastic system analysis, since it characterizes the robustness of stability of a dynamical system to the stochastic and dynamic disturbance. Thus, it is natural to ask if one can design a feedback law for system (4) , such that the closed-loop system is made SISS with desired gains. More precisely, we will study the following problem.
Problem 1:
Consider system (4). For any ρ 2 ∈ K ∞ and some ρ 1 ∈ K ∞ , find a continuous feedback controller u = μ(x) which depends only on ρ 1 and ρ 2 , such that the closed-loop system is SISS with gains ρ 1 and ρ 2 , and some β ∈ KL depending on .
In the following, for any real function 
where
Remark 2:
It has been shown in [14, Theorem 4.5 ] that using the NSS-control Lyapunov function in Lemma 2, one can design a feedback law μ 0 : R n → R via the stochastic version of Sontag's formula
Then, for system (4) with 2 Δ ≡ 0
Note that μ 0 is not necessarily continuous at the origin. To tackle this problem, we can assume that V possesses small control property: For each ε > 0, there is a δ > 0 such that, if x = 0 satisfies |x| < δ, then there is some u with |u| < ε such that 
is SISS with the given ρ 1 and ρ 2 , and some
Proof: Inspired by [22] , define
From the definition, we know
From the definition of χ, it follows that when |Σ| F ≤ γ 1 (|x|) and |Δ| ≤ γ 2 (|x|), we have:
From Lemma 1, and the definitions of γ 1 and γ 2 , we know (2) holds with the given ρ 1 and ρ 2 and some β ∈ KL. This completes the proof. Remark 3: It is of interest to notice that one can relax the
The main conclusion of Theorem 1, under some mild modification, still holds.
Remark 4: In the setting of stochastic control systems, gain assignment Theorem 1 demands (5), a stronger condition than the deterministic counterpart; see, e.g., [22, Lemma 3] . Since γ 1 appears in (5), the SISS gain ρ 1 , unlike ρ 2 , cannot be freely assigned.
Remark 5: An interesting phenomenon observed from Theorem
, and if the following inequalities hold for all x = 0:
then, instead of (6), we can pick
Moreover, from the proof of Theorem 1, μ can take 0 if Δ ≡ 0. This implies that if a deterministic system possesses a Lyapunov function V satisfying (7), then this system can be made globally asymptotically stable (GAS) at the origin with probability one, by adding a q-dimension stochastic disturbance dw with Σ = γ 1 (|x|)I q for all x ∈ R n . This result is illustrated by a first-order example [16, pp. 56, Example 2], from a stochastic stability analysis point of view.
Next, we provide additional conditions for the existence of a smooth controller, instead of the continuous control law (6) .
Theorem 2: Assume system (4) is smoothly stabilizable. For
for all s ≥ 0, is locally bounded by a smooth function at the origin, then there exists a smooth feedback law μ, such that system (4) under u = μ(x) is SISS with the given ρ 1 and ρ 2 , and some β ∈ KL.
Proof: For any x ∈ R n , define
By the conditions in Theorem 2, μ ∈ C ∞ (R n ). By completing the squares, if |Σ| F ≤ γ 1 (|x|) and |Δ| ≤ γ 2 (|x|), then
Then proof is then completed using Lemma 1, and the definitions of γ 1 and γ 2 .
For linear stochastic systems with matching condition, we next provide a way to find an NSS-control Lyapunov function satisfying the conditions in Lemma 2. Proof: Inspired by [33] , define 
Since (A, B) is stabilizable, P b exists for all b > 0, and is the unique symmetric positive definite solution to the following algebraic Riccati equation: 
Then, for all x ∈ R n \ {0}
and thus (5) 
IV. EXTENSION TO PURE-FEEDBACK STOCHASTIC SYSTEMS
In this section, we denote by w a q-dimension standard Wiener process. Denote F w t as the σ-field generated by w(s), 0 ≤ s ≤ t. Consider the following class of pure-feedback stochastic systems:
In this section, our aim is to solve the following problem.
Problem 2:
Consider system (9), (10) . For a given ρ ∈ K ∞ , find a feedback controller u = μ(x), where μ ∈ C 0 (R 2 ) only depends on ρ, such that for all 0 < ≤ 1, the closed-loop solutions satisfy
for some β ∈ KL depending on .
To address the previous gain assignment problem, the following technical assumption is imposed on system (9), (10).
Assumption 1: There exist ε i ≥ 0, i = 1, 2, 3, 4, and smooth functions κ i : R + → R + , i = 1, 2, 3, 4, such that
Moreover, 1 > ε 1 + 2ε 3 , and 1 > ε 2 + 2ε 4 . 
Choose the Lyapunov function candidate as
By (9) and (12), for all x ∈ R 2 , we have where c i > 0, i = 1, 2, . . . , 5.
Substituting the above inequalities into (13), we have 
, and
Following a direct extension of the proof of Lemma 1, we know for any 0 < ≤ 1, (11) holds with the given ρ and some β ∈ KL. This completes the proof. Remark 7: It is of interest to note that Theorem 3 can be generalized to higher-order systems by a repeated application of the popular backstepping technique.
V. NUMERICAL RESULTS
To illustrate the obtained results, let us consider an elementary example of a second-order nonlinear system
dx 2 = (v + u)dt (15) where w is the standard Wiener process, λ is locally Lipschitz and satisfies 0 ≤ λ(x 2 ) < |x 2 | 1/3 , and Δ is an unknown function satisfying
Then, all the conditions in Theorem 3 hold. Note that [14, Example 3.6.3] can be considered as a special case of system (14), (15) . Suppose the gain function in (11) is given as ρ(s) = s 1/3 , for all s ≥ 0. By Theorem 3, the controller can be chosen as u = μ(x) = −zχ 2 (x) 
VI. CONCLUSION
In this technical note, a gain assignment result for stochastic nonlinear systems is given. Along with nonlinear small-gain theorems [11] , [12] , [17] , the proposed method serves as a new tool to develop partial-state feedback control laws for stochastic nonlinear systems. The effectiveness of the obtained results is supported by an R-based simulation. It is under our current investigation to study stochastic control problems for more general classes of stochastic nonlinear systems.
